ABSTRACT. In this paper we use the notion of ideals to extend the convergence and Cauchy conditions in asymmetric metric spaces. The asymmetry (or rather, absence of symmetry) of these spaces makes the whole treatment different from the metric case and we use a genuinely asymmetric condition called (AMA) to prove many results and show that certain classic results fail in the asymmetric context if the assumption is dropped.
Introduction and background
Since 1951 when Steinhaus [28] and Fast [11] defined statistical convergence for sequences of real numbers, several generalizations and applications of this notion have been investigated (see [1] , [2] , [4] - [10] , [12] - [14] , [16] , [20] - [22] , [24] - [27] , [29] where many more references can be found). In particular two interesting generalizations of statistical convergence were introduced by Kostyrko et al [13] , using the notion of ideals of the set N of positive integers who named them as I and I * -convergence. Corresponding I-Cauchy condition was first introduced and studied by Dems [10] . I * -Cauchy sequences has been very recently introduced by Nabiev et al [22] where they showed that I * -Cauchy sequences are I-Cauchy and they are equivalent if the ideal I satisfies the condition (AP)
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Definitions and notations
We first recall the following basic concepts of an asymmetric metric space from [3, 23, 30] . Ò Ø ÓÒ 5º An asymmetric metric space (X, d) is said to be forward complete if every forward Cauchy sequence is forward convergent in X. Similarly, we can define backward completeness.
Ò Ø ÓÒ
Ò Ø ÓÒ 6º An asymmetric metric space (X, d) is said to be forward (backward) sequentially compact if every sequence in X contains a forward (backward) convergent subsequence.
Ò Ø ÓÒ 7º Let (X, d) be an asymmetric metric space and A ⊂ X. A point
x ∈ X is said to be a forward (backward) accumulation point of the set A, if for every ε > 0, (
Now we state below a genuinely asymmetric property of an asymmetric metric space from [3] (see also [8] where this name is given) which will play a very important role throughout our paper.
Ò Ø ÓÒ 8º An asymmetric metric space (X, d) is said to satisfy approximate metric axiom (or (AMA)) if there exists a function c : X × X → R such that for any x, y ∈ X,
where the function c is such that for any x ∈ X, there is a δ x > 0 with the property that
where C(x) > 0 depends only on x.
Remark 2.1º
Note that if (X, d) is a metric space then evidently it satisfies (AMA) with the function c defined by c(x, y) = 1 for all x, y ∈ X. However the condition (AMA) is strictly weaker than the requirement of an asymmetric metric space to be a metric space, as shown by Examples 2.1 (more examples can be seen from [2] ).
Example 2.1. We begin with the simplest example of an asymmetric metric space. Let α > 0.
is obviously an asymmetric metric. This metric satisfies
α . This metric there satisfies the conditions for [2: Proposition 3.3]. Note that τ + and τ − are the usual topologies on R.
Finally we recall that a non-void class of sets I of a non-empty set X is called an ideal if
If I is an ideal then F (I) = {A ⊂ X : A c ∈ I} is filter called the associated filter of I. I is said to be non-trivial if X / ∈ I. Further I is said to be admissible if {x} ∈ I for all x ∈ X. Throughout the paper we assume I to be a non-trivial admissible ideal of N, the set of all positive integers.
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Asymmetric I and I * -convergence
We first introduce the following definition.
Ò Ø ÓÒ 9º A sequence {x n } n∈N in an asymmetric metric space X is said to converge forwardly to x with respect to the ideal I if for each ε > 0,
In this case we write F I-lim
. Similarly, a sequence {x n } n∈N in an asymmetric metric space X is said to converge backwardly to x with respect to the ideal I if for each ε > 0,
Note that if I is admissible then forward (backward) convergence of {x n } n∈N implies forward (backward) I-convergence.
is forward I-convergent to x 0 ∈ X and backward I-convergent to y 0 ∈ X then x 0 = y 0 .
As ε > 0 is arbitrary, we have d(x 0 , y 0 ) = 0, which implies x 0 = y 0 .
The following example shows that in general forward I-convergence does not imply backward I-convergence and viceversa. be defined by
Then d is an asymmetric metric on R. Here, τ + is the lower limit topology on R and τ − is the upper limit topology on R, i.e. B + (x, ε) = [x, x + ε) and
where n ∈ N. Then clearly {x n } n∈N is forward convergent to x and so {x n } n∈N forward I-converges to x for any ideal 
The next example shows that the condition (AMA) is only sufficient but not necessary.
n and I be any non-trivial admissible ideal of N. First let x = 0. Let {x n } n∈N be forward I-convergent to x. Then {n ∈ N :
Thus in this case also forward I-convergence of {x n } n∈N implies backward I-convergence.
Thus any function c satisfying d(y, x) ≤ c(x, y)d(x, y)
for every x, y ∈ R n will be unbounded in any forward ball of 0. Hence (R n , d) does not satisfy (AMA).
In [3] it was proved that if (X, d) is forward sequentially compact then
It is not clear whether this result remains valid if convergence is replaced by I-convergence. However if we say that S ⊆ X is forward I-sequentially compact if every sequence {x n } n∈N in S has a forward convergent subsequence {x n k } k∈N with limit in S where {n k } k∈N / ∈ I, then we have, Ì ÓÖ Ñ 3.3º Let (X, d) be an asymmetric metric space which is forward
Consider the sequence {x n } n∈A . Now {x n } n∈A is also backward I-convergent to x. Next by forward I-sequential compactness, there is a subsequence {x n k } k∈N of {x n } n∈A and so of {x n } n∈N which is forward convergent where We now introduce the following definition.
Ò Ø ÓÒ 10º A sequence {x n } n∈N in an asymmetric metric space X is said to be forward I * -convergent to ζ if and only if there exists a set M ∈ F (I) i.e. 
The converse of Theorem 3.4, is not generally true as can be seen by taking the same sequence as in Example 3.2.
Remark 3.1º
It is easy to observe that (AMA) implies τ + ≺ τ − i.e. the forward topology is finer than the backward topology (see [2: Proposition 3.3] for a possible outline of proof. Also the observation follows from the fact that the forward and backward topologies are both first countable T 1 topologies and so convergent sequences are sufficient to determine them entirely). Example 3.2 (which is same as [2: Example 3.7]) gives an example of an asymmetric metric space for which τ + ≺ τ − but which does not satisfy (AMA). Hence the condition τ + ≺ τ − is strictly weaker than (AMA). Since forward (backward) I and I * -convergence are actually I and I * -convergence with respect to forward (backward) topology, so it immediately follows that Theorem 3.2 and Theorem 3.4 can be proved under the weaker assumption that the forward topology is finer than the backward topology.
The same is true for backward case also.
The proof is straightforward.
The general properties of F I(BI)-convergent sequences are similar to that of I-convergent sequences ( [13] , [16] Note that B j ∈ I for all j ∈ N.
We can now prove the following result. 
Asymmetric I-Cauchy conditions
As mentioned before, here the I-Cauchy condition (by Dems [10] , see also [1] and [22] ) gives rise to two Cauchy conditions associated with forward and backward I-convergence in an asymmetric space, which naturally extends the notions of forward and backward Cauchy conditions ( [23] , see also [3] ). 
Ò Ø ÓÒ
Similarly, a sequence {x n } n∈N in an asymmetric metric space (X, d) is said to be backward I-Cauchy if for each ε > 0 there exists an (1) {x n } n∈N is an F I-Cauchy sequence.
(1) =⇒ (2): Let ε > 0 be given. Then there exists M ∈ F (I) such that for
(2) =⇒ (1):
The following example shows that as forward convergence does not imply forward Cauchy condition, also in general forward I-convergence does not imply forward I-Cauchy condition. Let I be any non-trivial admissible ideal of N. Then the sequence
∈ I since I is admissible and non-trivial. So k ∈ N :
However we have:
Ì ÓÖ Ñ 4.1º Let (X, d) be an asymmetric metric space satisfying the property (AMA). In this situation, if a sequence {x n } n∈N is F I(BI)-convergent then it is F I(BI)-Cauchy.
and so we have n ∈ N :
2C(x 0 ) and so belongs to I. This implies that the sequence {x n } n∈N is forward I-Cauchy.
The proof for backward case is similar.
The above condition is sufficient but not necessary as shown by:
Example 4.2. The asymmetric metric space of Example 3.2, does not satisfy the property (AMA). But we have already shown that if {x n } n∈N is forward I-convergent to x where x = 0 then {n ∈ N : x n = x} ∈ I. Then for any ε > 0, choosing k ∈ N for which x n = x it is easy to see that {n ∈ N : n ≥ k and d(x k , x n ) ≥ ε ∈ I. Hence {x n } n∈N is also forward I-Cauchy. On the other hand if x = 0, first note that if {x n } n∈N is F I-convergent to 0 then it is also BI-convergent to 0. For
∈ I. This shows that {x n } n∈N is again forward I-Cauchy. Remark 4.1º Theorem 4.1 can also be proved under the weaker assumption that τ + ≺ τ − . Note that as the sequence {x n } n∈N is F I-convergent to x 0 (say) so it is also BI− convergent to x 0 by Remark 3.1. therefore
From this we can arrive at the conclusion.
Ì ÓÖ Ñ 4.2º If every F I(BI)-Cauchy sequence in X is F I(BI)-convergent
in X then X is forward (backward) complete. 2, 3 , . . . , P − 1} ∈ I and by same reasoning E k (ε) ∈ I for all k > P . Hence {k ∈ N : E k (ε) / ∈ I} ⊂ {1, 2, . . . , P − 1} ∈ I, and so {x n } n∈N is a F I-Cauchy sequence. By our assumption {x n } n∈N is a F I-convergent sequence in X and so there exists a point x 0 ∈ X such that F I-lim
n for all n ∈ N and so {x k n } n∈N is a forward convergent subsequence of {x n } n∈N . Therefore by [2: Lemma 4.3] (X, d) is forward complete.
For the converse we have the following result (though we had initially proved the result using (AMA), the following proof was suggested by one of the referees which shows that the result can be proved without the requirement of (AMA)).
Ì ÓÖ Ñ 4.3º If (X, d) is a forward (backward) complete asymmetric metric space then every F I(BI)-Cauchy sequence is F I(BI)-convergent in X.
P r o o f. For any j ∈ N we put ε j = 1 2 j . Since {x n } n∈N is F I-Cauchy, for each j ∈ N there exists M j ∈ F (I) such that
In this way we obtain a sequence {x k j } j∈N with the property
Hence the sequence {x k j } j∈N is forward Cauchy and, consequently, it is forward convergent to some point x 0 . Now, for any given ε > 0 we can choose j such that d(x 0 , x k j ) < ε 2 and ε j < ε 2 , and thus (1) {x n } n∈N is an F I(BI)-Cauchy sequence.
EXTENDING ASYMMETRIC CONVERGENCE AND CAUCHY CONDITION USING IDEALS
(1) =⇒ (2). Follows from Lemma 4.2.
(2) =⇒ (3). Let ε > 0 be given. Since C(x) bounded we can choose a positive real number M such that The proof for backward case is similar.
Remark 4.2º
It should be noted in Theorem 4.4 that the condition (3) implies the F I(BI)-Cauchy condition in any asymmetric metric space (this fact will be used in Theorem 5.3). However we need the additional assumption on the asymmetric metric space only to prove the implication (1) =⇒ (3) . That the assumption is essential can be easily observed by taking the sequence { n−1 n } n∈N in the asymmetric metric space of Example 4.1, which is I-forward Cauchy but it does not satisfy the condition (3).
That the condition (AMA) is not necessary can be easily checked by taking the asymmetric metric space of Example 3.2. Let {x n } n∈N be F I-Cauchy.
Let ε > 0 be given and choose δ > 0 such that
Asymmetric I * -Cauchy conditions and condition (AP)
Just as F I(BI)-Cauchy condition can be formulated from the concept of F I(BI)-convergence, it seems natural to consider a Cauchy like condition associated with F I * (BI * )-convergence. In this section we do that and extend the results of [22] and [7] to asymmetric context. Our investigation reveals that symmetry is not required for any of these results and we can prove them under the condition (AMA).
We will now consider the following definition: The proof is parallel to [22: Theorem 3] .
The following example shows that the converse of the above theorem is not always true. 
, and so on. Then {A i : i = 1, 2, 3, . . . } is a countable family of mutually disjoint sets in I. By the condition (AP) there exists a countable family of sets {B i : i = 1, 2, 3, . . . } in I such that A j ∆B j is finite for each j ∈ N and B ∈ I where
We will show that {x n } n∈M is forward Cauchy.
Let ε > 0 be given. Choose l ∈ N such that
Since by the condition (AP), A i \ B i is finite for i = 1 to l, we can choose
Since M ∈ F (I) and I is admissible so we can choose
shows that {x n : n ∈ M } is forward Cauchy and so {x n } n∈N is F I * -Cauchy.
The proof for backward case is similar. 
If (I) holds, then
is included in a finite subset of N and this implies that I satisfies (AP) condition. 
